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1. PROBABILITY AND BAYES THEOREM FOR DISCRETE OBSERVABLES

Definition. Suppose we want to predict a random quantity X, and we
do so by providing a probability distribution P. Suppose we observed a
specific value xz, then a scoring rule S provides a reward S(P,z). If the
true distribution of X is Q, then the expected score is denoted S(P,Q),
where S(P,Q) = intSP(,z)Q(x)dz. A proper scoring rule has S(Q, Q) >
S(P,Q) for all P, and is strictly proper if S(Q,Q) = S(P,Q) if and only
if P=Q.

Theorem. For a null hypothesis Hg, H1 as “not Hp”,

p(Holy) _ p(ylHo) _ p(Ho)

p(Hily) ~ plylHr) ~ p(H1)’ (L1)

posterior odds equals the likelihood ratio times prior odds.

Definition. We have observed quantities y (the data), have an unknown
quantity taking on a set of discrete values 0;,1 € 1,...,n. We specify a
sampling model p(y|0), a probability distribution p(6;), and together define
p(y,0:) = p(y|0:)p(0;) - a “full probability model”.

Then, use Bayes theorem to botain the conditional probability distribu-
tion for unobserved qunaitites given the data,

) Pl
p(0ily) = >k (y10k)P(Or)

or equivalently, the posterior is proportional to the likelihood times the
prior.

o< p(yl60:)p(6:) (1.2)

Definition. 6 ~ BETA(a, b) represents a BETA distribution with properties

_ I(a,b) ,,_ _
p(@\a,b)—me H1—-6)""1H,0€(0,1) (1.3)
E(9 a,b) = aib (1.4)
ab
V(bla,b) (a+b)2(a+b+1) (15)
a

mode = +b_2(a,b>0) (1.6)
(1.7)

where I'(a) = (a — 1)! is a is an integer.

Theorem. Our parametric sampling distribution p(y|6) with uncertainty
about € given by a distribution p(f) gives a predictive distribution p(y) =
J p(y|0)p(6)df. The mean and variance of a predictive distribution can be
obtained using

E(Y) = Eo(E(Y6)) (1.8)
V(Y) = Eo(V(Y1]0)) + Vo(E(Y]0)) (1.9)

Theorem. For two random variables with joint density p(z,y), then
E(Y) = Ex (E(Y]2)) and V(Y) = Ex (V(Y]2)) + Vx (E(Y|2)).

Definition. Suppose 6 ~ BETA(a,b), Y ~ BINOMIAL(O,n). The ezact
predictive distribution for Y is known as the BETABINOMIAL with

I'(a+b) (n) Pa+y)T(b+n—y)

PO = tarm W) T Tarbtn

y=0,1,2,...,n  (1.10)
If a = b = 1 (the prior is uniform on 0,1), then p(y) is uniform on
0,1,...,n.

The mean and variance of the BETABINOMIAL 4s given as E(Y) = 2%

— ab__ (ntatb)
and V(Y) =n @tby? %

Definition. The Gamma distribution is a flexible distribution for positive
quantities. If Y ~ GAMMA(a,b), then

b(l

p(yla,b) = y* e,y € (0,00) (1.11)
I'(a)

B(Yab) = 22 (1.12)
den
a

V(¥lab) = (1.13)

The GAMMA(1, b) distribution is exponential with mean +. The GaMMA(g, %)

b
is a chi-squared x2 with v degrees of freedom.

Theorem. Suppose 0 ~ GAMMA(a,b), Y ~ Po1ssoN(f), then the exact
predictive distribution of Y is negative-binomial with

T'(a+vy) b*

p(y) = N ORE IS 0,1,2,... (1.14)
E(Y) = % (1.15)
V() = % + l;% (1.16)

Theorem. Consider the general one-parameter exponential family

p(yl0) = exp(a(y) + b(0) + u(0)t(y)) (1.17)
where u(0) is a natural or canonical parameter, and ¢(y) is the natural
sufficient statistic.

Suppose we have a conjugate prior distribution of the form p(0) =
m exp(nob(0) + top(0)) where c(no,to) = [ exp(nob(6) + tou(0))do.
Then the predictive distribution is
oo () c(no +1,t0 +t(y))

o(no, 1) (1.18)

p(y) =

2. CONJUGATE ANALYSIS

Theorem. Suppose we have a independent sample of data y; ~ NORMAL(p, 02),

i=1,...,n, with 02 known and g unknown. The conjugate prior for the
normal mean is also normal, p, u ~ NORMAL(y, 72), where v and 72 = %
are specified. The posterior distribution is
n
p(p y) o< p(p) [ [ p(yilp) = NORMAL(yn, 77) (2.1)
i=1
where v, = 7RQLZIZ§ and 72 = n[‘)’in

The posterior predictive distribution is thus NORMAL(yn, 02 + 772).

2 is unknown.

Theorem. Suppose again y; ~ N(u,0?), but p is known o
If we use precision w = =3, we have the conjugate prior for w as w ~
GAMMA(a, B), so p(w) o« w* Lexp(—Bw). o2 has an inverse-gamma
distribution.
The posterior distribution has the form p(w|p,y) = GAMMA(a + 5, 8+
LS (i — m)?).
Theorem. If we have I possible prior distributions p;(6) with weights ¢;,
then the mixture prior is p(6) = >, ¢;p; (). If we now observe data y, the
posterior for fis p(Qly) = qép(0|y, H;), where p(0ly, H;) < p(y|0)p(6|H;),
i H; _ :
where ¢} = p(H;|y) = % where p(y|H;) = [ p(y|0)p(0|H;)do is
the predictive probability of the data y assuming H;.

Theorem. In a general one-parameter exponential family, we have p(y|0) =

exp(D_; a(y;)+nb(0)+u(8) >, t(y;)) and prior p(f) o exp(nob(0) = tou(d))
so the posterior distribution is

p(0ly) o< exp((n +n0)b(9) +w(O)(D_ t(yi) + to))

i

(2.2)

which is in the same family as the prior distribution. tg can be thought of
as the sum of ng imaginary distributions.

3. PRIOR DISTRIBUTIONS
Theorem. If U%|y ~ GAMMA(a, ), then (27—’2 ~ X3,
2
If Z ~ NoRMAL(0,1), X ~ X2 ~ ¢,
Definition. A Jeffreys prior is compatible with a Jeffrey’s prior for any
1 — 1 transformation ¢ = f(©).
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p(0) x 1(9)% where 1(0) is the Fisher information for 6,

9% logp(Y'|0) 9logp(Y10) |2
I(0) = —Eys( 202 ) = Eya(( 20 )7) (3.1)
This is invariant to re-parameterization as
Ologp(Y|$) .o Ologp(Y10) 9 00 5 _ 90
E ————2)*=E —— )= 0)|— 3.2
1o TR — (BRI 2R — 1) (32)

Definition. For location parameters, p(yl@) is a function of y — 6, and
the distribution of y — 0 is independent of 6, hence pj(0) < C constant.
Can us dflat () in winbugs or a proper distribution such as dunif(-100,
100)

Definition. For count/mte parameters, the Fisher information for PoIs-
SON data is I(0) = g, and so the Jeffreys prior is p;(0) %, which can
be approzimated by a dgamma (0.5, 0.000001) distribution in BUGS.

This same prior is appropriate if 0 is a rate parameter per unit time
— s0 Y ~ Poission(0t).

Definition. o is a scale parameter if p(y|o) = %f(g) for some function

f, so that the distribution of % does not depend on o. The Jeffreys prior
is py(0) o o=t This implies that pj(c*) o« o=k, for any choice of
k, and thus for the precision of the normal distribution, we should have
py(w) o< w™t, which can be approzimated by dgamma(0.0001, 0.0001) in
BUGS (an inverse-gamma distribution on the variance o2).

4. MULTIVARIATE DISTRIBUTIONS

Definition. Array of counts (n1, .. nk) in K categories — the multino-

(HZ:) [T A

The conjugate prior is a DIRICHLET (a1, ..., ak
p(q) _ F(Z ak) qakfl

[IT(ax) ™*
The posterior is p(g|ln = DIRICHLET (a1 + n1, . ..

mial density is p(n|q) =

Hk 1 an~
with

k with likelihood propertional to
) distribution
(4.1)

with >, qr = 1.
_1
The Jeffreys prior is p(q)a [y, q;, °

;).

Definition. The multivariate normal for a p-dimensional vector y ~
Normaly(u, ), or using @ = 271, so p(y|u, Q) exp(—%(y —wTQy —
), and conjugate prior for w is also a multivariate normal,

Pl 20) ox exp(— 5 (1 = 70)T Dol = 0). (42)

We then have p ~ Normaly(n, Qfll) where Qpn, = Qo +nQ and v, =

(Qo + nQ)71(9070 + nQ@)

Definition. The conjugate prior on the precision matriz of a multivariate
normal is the Wishart distribution (analogous to Gamma/x?2).
The Wishart distribution Wy (k, R) for a symmetric positive definite
k —p—1
p X p matriz  is p() « |R|2 5 exp(—% tr(RQ)).
The sampling density of a MV N with known mean and unknown matrix

18 p(Y1,-- -, Yn|p, Q) x |Q\% exp(—% tr(SQ)) where S = Y, (yi — p)(yi —
)T, and therefore

p(QIy) P |Q|7n+k;p—1 exp(*%tr((S#*R)Q)) (43)
which is a Wp(k +n), R+ S distribution.

+1
The Jeffreys prior is p(X) < |X|” 2 , equivalently k — 0.

5. REGRESSION MODELS

Assume for a set of covariates zi1,...,zip, E(Y;) = 28, and Y; ~
N(3 Bixi, 0?). Assuming Y;are conditionally independent given 3, 02, we
can write Y ~ N, (Xf,021I,). The least squares estimate and MLE is

f=(XTx)"'xTy (5.1)
B~ Np(B,0* (X7 X)) (5.2)

With known variances, assume 8 ~ Np(70,02V). Then p(Bly) o
expl(— 202 (B =)D~ 1(/3 — 7)) where D71 = XTX + V=1, 4, =
D(XTy+V-1ly) = D(XTXB + V1), so Bly ~ Np(yn,02D). As
V—1 0, we have Bly ~ Np(B3, (XTX)1o2?).

With p(8) o< C and p(02) x o2, then conditional on 02, from the pre-
ceding general model Bly, o2 ~ Nn(,é, (XTX)~1o2) where B =

Since Bly, 02 ~ Np(B, (XTX)_1 2), a single regression coefficient f3;

has posterior 8|y, o2 ~ N(,Bl,s,ba ), where s? (XTX)

6. CATEGORICAL DATA, PREDICTION, AND RANKING

Suppose N individuals are classified according to two binary variables,
into a 2 X 2 table. We have three situations — one margin fixed, both
margins fixed, and the overall total fixed.

If one margin is fixed, then n;, and no are fixed. Then y;1 ~ BINOMIAL(n;, p;)-

If no margins are fixed, we only fix the total N = Y y;;. With a
full multinomial model ¥ ~ MULTINOMIAL(g, N). Note if we just take
a single row, we have standard BETABINOMIAL updating, as Yii|ni ~
BINOMIAL(n1, q“) from the properties of the multinomial, and q“ from
the properties of the Dirichlet.

Definition. Recall if Y}, ~ POISSON(uy), and 3, Yy = N, then Y|N ~
MULTINOMIAL(q, N). Letting Yy ~ Poission(ug) and using log-link func-

tion logur = A + ag, give a uniform prior to X\. This is equivalent to as-

ek oy
e

sumiy,

suming a multinomial distribution for Y with parameters q, =
N=3,Y.

For a 2 x 2 table, we can assume Yj; ~ POISSON(u;;) and assume
log pi; = ¢+ +B;+;; with the corner constraintsa; = 81 = y12+7y11 =
Y21 =0.

Assuming we have multinomial observations Y; ~ MULTINOMIAL(g;, N;)
,z;p. Then we can express log odds of a

P
IOg lhk = szl kawipa

’

with covariates z; = x;1,...
category k relative to a baseline category as ¢r1 =
exp(3-, BrpTip)

with category probabilities g;r = S o A
k P pp

Definition. For ranking, assume O; ~ POISSON(A;E;), with A\; a stan-
dardized mortality rate, with Jeffreys prior o L

7. SAMPLING PROPERTIES IN RELATION TO OTHER METHODS

Definition. Formally, an exchangeable sequence of random wvariables is
a finite or infinite sequence X1, Xo2,... of random variables such that for
any finite permutation o of the indices 1,2,3,..., (the permutation acts
on only finitely many indices, with the rest fized), the joint probability
distribution of the permuted sequence

Xo(1): Xo(2), Xo(3)s - - - 15 the same as the joint probability distribution
of the original sequence.

Theorem. If an infinite sequence of binary variables is exchangeable, then
it implies that any finite set p(y1,...,yn) = [T1r—; p(y:|0)p(6)df for some
density p(f) (with regularity conditions)

Definition. The likelihood principle: all information about 6 provided by
data y is contained in the likelihood o p(y|0).

Theorem. The statistic ¢(Y") is sufficient for 6 if and only if we can express
the density (y|0) in the form p(y|0) = h(y)g(t(y)|0).

Trivially, the Bayesian posterior distribution only depends on the suf-
ficient statistic.

8. CRITICISM AND COMPARISON

Definition. The Bayes factor comparison of models Mo and My are given
as
p(Moly) _ p(Mo) p(y|Mo)
p(Mily)  p(M1) p(y|M1)
or in words — posterior odds of My equals the Bayes factor (Boi) times
the prior odds of Mgy. This quantifies the weight of evidence in favor of
the hypothesis Hy : My is true.
If both models are equally likely a priori, the Bayes factor is the pos-
terior odds in favor of M.

(8.1)

Definition. The Bayesian Information Criterion (BIC) is
BIC = —2log p(y|0) + klogn
where 0 is the MLE. BICy — BIC} is intended to approximate —2 log Bo1

(8.2)

Definition. The deviance of a sampling distribution is defnied as D(0) =
2log p(y0).

Definition. The AIC is given as —2log p(y|0) + 2k where kis the dimen-
stonality of 0.
Asmyptitocally, AIC is equivalent to leave-on-out cross-validation.

(XT X))~ XTPefinition. Model dimensionality can be measured as pp = Eg), (—2logp(y[0))+

210gp(y|9~(y)). If we take 6 = E(0ly), then Pp is equal to the posterior
mean deviance minus the deviance of the posterior means.
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We can approzimate Pp = tr(—LjC), where C = E((G - 0)(0— §)T)
is the posterior covariance matriz of 6.

Thus pp can be thought of the ratio of infomration in the likelihood
about the parameters as a fraction of the total information in the poste-
rior. We an also think of pp as the franction of total information in the
posteriro that is identified for the prior.

For general normal regression models, we have this is exact, and pp =
tr(XTX)(XTX +V—H~1).

If there is vague prior infomration, § ~ 0 (the MLE), and so D(6) ~
D) — (0 —0)TL"(0)(0 — 8) = D(0) + x2, and so pp = E(x2) = p, the
true number of parameters.

Definition. The DIC is defined as DIC = D(A) + 2pp = D + pp.

9. HEIRACHCIAL MODELS

Definition. Suppose y;; is outcome for individual j, unit i, with unit-
specific parameter 0;. The assumption of partial exchangability of indi-
viduals within units can be represented by the following model — y;; ~
P(Yij|0i,zi5), 0 ~ p(0:).

Assumption of exchangability of units can be represented by the model
0; ~ p(0;|p), ¢ ~ p(p) - a common prior for all units (but a prior with
unknown parameters.)

Excchangability is o judgement based on our knowledge of the context.

Assuming 01, ...,07 are drawn from some common prior distribution
whose parameters are unknown is known as a hierarchical model.

Definition. The normal-normal model is givens y;; ~ N(0;,02), j =
1,...m,i=1,...,1,0; ~N(u,72),i=1,...,I, u ~ Uniform. Assume
2 2 _ o2 From standard

o, 7 known for the moment and express ¢ as T = o

results,
nop + niy, o?
no+mn; mo+mny
Now the marginal distribution of Y, is Y;. ~ N(,u,O'Q(n;1 + nal)).
Writing [o? (n;1 +nal)}’1 as 7;, the precision, we have ply, 7 ~ N(fi, V)
where i = 7221:?’;?: , V= ﬁ

We can then show (reasonably easily) that E(m;|ly,7,0) =

p(0ily, , 7, 0) = NORMAL(

(9.1)

nof+ny;
no+n;
— an appropriate weighted average of the observed individual group mean

and estimated population mean.

Definition. For normal hierarchical models the Jeffreys prior can be
inconvenient. Assume y; ~ N(Gi,a?), a? known, and 0; ~ N(u,72),
i=1,...,1. Then, integrating out the 0;, we get y;|u, 72 ~ N(,u,ai2 +72)
which are conditionally independent given p, 2.

The posterior is p(T2|y) o< p(y|u, 72)p(72) where p(y|u, 72) o< ]_[i(cri2 +
72)7% exp(—%
frac(ys — p)?o? +72).

Letting 72 — 0, p(y|u, 72) tends to a non-zero constant c, so p(12 <
ely) o< cP(7% < €).

Using an improper Jeffreys prior p(72 oc 772), p(72 < €) is unbounded,
and so p(t? < e|y) is unbounded, hence the posterior is improper.

Note that 7—% ~ GAMMA(€, €) is proper, but inference can be sensitive
to the choice of €.

Definition. Empirical Bayes methods proceed as before yij ~ p(y;;|0;),
0; ~ p(0;|$), but do not put a prior on ¢. Estimate ¢ by, for example,
maximum marginal likelihood — the value (;AS that mazximizes the marginal
likelihood

p(619) = [T [ TTptwslen(6.l0)d, (9.2)
i J
known as the Type II Maximum Likelihood. Then use qAS as a “plug-in”
estimate, as if the prior distribution was known.
Can think of it as estimating prior from the data — understates un-
certainty since it ignores uncertainty in (13 — for large number of units
and observations, have similar results to the “full Bayes” approach.

10. ROBUSTNESS AND OUTLIER DETECTION

Definition. If we assume, say Y ~ t;(0,7), then estimates will be less
influenced by outliers. If we want to simultaneously find outliers, we can
fit a t-distribution as a mizture of normals. Recall if Y ~ Norm(0,c?),

2
and o2 = Tx—éf, where X2 ~ X%, then Y ~ t(0,7). So an equivalent model

2
toY ~ tr(0,7) is to assume Y ~ NORMAL(0, 0'1-2), 0'1-2 = ;(—5,
i

— walues of s; much great than 1 indicate outliers.

2 2
Xi ~ Xk

and monitor s; = }?2
i

11. MISCELLANEOUS

REFERENCES
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TABLE 1. Conjugate Prior Distributions

L P ConjP Posterior Predictive Interpretation
BINOMIAL 0 BETA(a, b) at+y,b+n—y BETABINOMIAL(yY) a — 1 successes, 8 — 1 failures
PoissoN 0 GAMMA(a, b) a+y,b+n NEGATIVEBINOMIAL(y)  « total occurences in § intervals
- 2 ) )
NORMAL u NORMAL(, Z—O) "SLZ:[Z?J ,o02 = ng+n NORMAL(Yn,02 +02)  ng observations with sample mean -y
. . Y 1 1
NORMAL u NORMAL(7, 70) (pre012510n) %, Tn = To +NT NORMAL(Yn, 7= + 7)
2 _ 1 noo + noog 1 2
NORMAL o?=1 w ~ Gamma(%e, 2270) DS ()] ‘
MULTINOMIAL ~ p1,...,pr  DIRICHLET(au,. .., k) ai +mni,...,0r +ng a; — 1 occurences of category 14

TABLE 2. Distributions

Distribution Density Mean Variance
NORMAL(p, 02) \/2;7@3513(— (x;a’;)Q) m a?
POISSON()) "ilci,’\k A A

GAMMA(a, b) Fb(a) go—le—b a %

BETA(a, b) %xa*u ) D
DIRICHLET(a1, . . ., o) o< [ afi™! Z:Lk
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